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JTATE’~:h~:’: OF P~:~~~h~•:

The printeo 21r~~t~It or ~~- r strt~ ” ar.tenr.: :.as pre’.’ t ~.~~~y

been, show~ to be a useful radlator for a wide ‘/ar~ t-t y of’ a~~ lt—

catlons. Its utII~ ty LIes maInl~,’ In Its low ~r ’ : ’
~ le and ~n It s

ease of’ construct ion , and ~~~~~~~~~~ A most a1 I r . v : s ~~ig a t i o n a ,

however , have been superflcla , In the sense tn~ t their only

goal was for the particuThr ~es1gn for y€-~ ano~ n~ r applI~ at.Lr ..

The task that remained was a carefu Inv’~stI~ atIcn , botn r.”c—

retical and experimental , of thIs class of a~~~ nr.a~ with ‘ hc’

goal of explaIning the basic nature of ‘ r.e ra - -~~I on

being observed empirically . Once the more ~~~~~ fea~ ures w ’- r e

unearthed the analysIs would also cc of aId In PractIcal desIgn

problems.

I
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~~ Y!~’IARY OF ~
;
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r
~rTs

At an early s t a g t~ In the  ~:‘u~’ e~~ , ~ t wa~. de~ I~ t- -,~ trat the

proper ~‘~~ur se of - -~ot ~~an wa s t— ;  c n ~ entrate  the  e f ’ f t r t  or. c.r.c

~a r t I o u ar sn a :e  of r r t r t t e d  c i r cu I t  r ad iato r . To :r. Ir . ImI :~e tne

ma thema~ Ical  d~~:’ f ’t c u t ies as.~.- . ated ~~~~~~ no~~~ a:. an a l y  a~
so l ut Ion a ~ - o :~~t rt ca l ly  simple in ~

- was :.~~‘ued .  riOW~~Ver , t

shape chosen s h o u L d  also be of’ p r a ct I c a l  use .  ~‘or these  r e .-

sons a c i r cu l a r  d i s c  wau  chc~;e~. as t h e  rad i ator to be r.-.’~~ t~ —

gated .

Th~ t :’.eoret ~~ca: ~nvest - - L a n ~:as b egun w i t h  a n~’r oth

order theory  based or. the  modes of a cir~ u l n r  d Isc cav i~y

resona tor .  The ~ies t  oruer mode wau f ou n d  su ~ r or t  fIelds

which  p roduced  a broad f a r  fI e l d  p a t t e r n  w I t h  a m’~x~ n~~ . r ~~rma .

to the  plane of t h e  dI sc .  The e l ec t r i c  an d ma~ n~ t Ic f l e l a s  Le —

t w e e n  the disc and the ground plane were f o u n d  for s sp e - 1a

:owest  order resonant  mo d e .  t Js lng  these  :‘Ie d~ the  c u r r ent s

on the  radiator  w ere  c alcu l at ed  along w I t h  t n e  f a r  f le d

r ad i a t i on  p a t t e r n s . Once these  were f ou n d  all  the  r a d i a t I on

c h a r a c t e r i s tI c s  of the  an t enna  wer e  derived. E x pr o r s l o r . s  for

the t o t a l  radia ted power , directIve gain , d i e l e ct r L c  losses ,

conduct or losses , efficiency , and ~—fa ctar were then found as

a f u n c t i o n  of the dielectric t h i c cn e s s , dIe lec t r i c  cons tant,

and loss tangent as well as the frecuency and size of the dIsc

subject to the constraint that ‘ h e  resonanci- conditLon was

maintained. Details and explIcit analytical formulas are sh o w n

In Appendix I.
2
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- ‘ - - ) :o i ’ay ~. ‘~~~~
‘ ( ‘X ~~~t :‘ r t en l  ~ w -~•~. ~~~~~

, - 1J a. ~~
• -  ~-~- c.t~ ‘ ‘ ~~a’

the s~ m p c ~ i .- rc~ L order a~ i~~~~~~ ’ 1~~. :- 0: . - :‘ sar.an’ f:-

wa s no ’ acc~~:-a~ e enough . ~“ ar th i s  reason a f i r :  ~ro~~: .~olu ’ ~~~~~~~

was d e r l v e u  for the r€-sonan~ :‘r’~ quenu y usIng a oet ’ e: ~~~~~~~ xl—

mat I ’:. for  the o ap : t e I t~~r .ce of the cI r c u l a r  dIsc struco a r e .  An

analyt ica . so I-u t r. was four.d wh 1 oh requires re ‘.~~~~
:- .- : -  lrr e—

~r a t I u r c s  or c o m p i L ~~r ’- d camr - u~ er eal~ -u atI cns , a:~d 
,-:h :~. I~.

~~ourate er.ougf . t~~- r r~ v Iu -- much mere .~~~ght  !r.to . •
- -

rrobl es , . The d- -: Lvat  ion of’ this :kr ’ . order :‘eu .n-~n~ fr~’ :aency

Is shown in A p p e n d I x  I l .

The exper imenta l  i n v e s t I g a t i o n  was c ar r i e d  out  a long

separate p ro j ec t s .  The f I r s t  was a mo de l  of sorts whIch cor .sf:~ -

ed of a c i r cu l a r  -a luminum disc separa ted  f r o m  a g r o u n d  ~~ a :, ’- ~y

a styrofoam slab . Se—;erai sizes of discs were used n~:

var ious thi cknesses of t h e  s t y r o f o a m .  Each d i u c  c o u l d  be f~ed

at several poInts along a raulus of’ the disc and probes were

constructed to measure the e l e c t r i c  f ield b e t w e e n  the d I s c  anu

the ground plane. The d r I v I n g  po~ n o Impe~ ancc , the rc-:onant

frecuency, and the internal fields were all measurod aver a fre~

quency range about the resonant point.

The second approach used actual antennas etched or. prin t ed

cIrcuIt boards of various tolcknesses. The fa r fle d ra~~iatIcn

patterns were measured along with the Impedance and resonant

frequency. The results of both experiments were compared w~ oh

the previously derived zeroth order far fields and th-c f~rst

order resonant frequency.
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I : .  eacn cas€ r~- on ab Le cc:-r ~- a t  los. ‘-au : - .r~~~. The :r.~azureo

i np u t  Imp e ia r .o~’ as a f’unct on of’ :r-:~~~’: oj was ~~~-u t~~

ar. e x p e r I m e n t a l  va lue  0:’ tn .~ .~-fa c tor .  It s  dE-oI-r.der,ce on •

sl oe  of the  d I s~- and the u~~’ : ie c or I ~ o h l ck:. - - u u w : :  r.c.t ed a n u

pared w i t h  the  p r - ~- v L a u s  t h - - ~~:’~- ’ cal ‘~aT.ou a:lon for  the  .,—f actor .

Again  r easonabl i  agreement wa s  :‘ouaa . T .~o a I s ~: ooth inveot~-

gat ions  are show:. Is. A p p e r i d f x  :z:.

A l t h o u g h  a l l  t h e  s :e cI f ~~’ j c - t ’t I l S  ~~~. :  caleu atlor.u •:.-:- - -  made

for one particular shap~~, t h e  r~ su1 t s  seem o app y to the  -a -

tire class of prInted circuit antennas . For example the behavlcr

of the  e f f i c i e n c y  on the  t n l c k r . e s s  of the  dI c - ec~ s-Ic sub s t r a t e

w a u l d  be expec ’ ed t o  be ~~~ same for a rectar .gular ‘ :aoc:,” ra d I-

ator . The sane techs.Io~ e~ c ou l u  be applied Is. that case w l t a

a simIlar family of theoretical curves resu ’ ing.

Li 
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P u b l I c a t i on :

Sb- -n , d . A. L.us.g, ~~~~. R. Allerc I~.,:, ar~d M. ) . .‘.
‘ .. ~~~~ “H - —

s o n a n t ~“ req .-~s. .:y of a J ir cu l ar  D ! sc , : a S k - i —  ‘o mIt Ant ’-r .r.~ ”
T r a n s .  A:~t er ~s.~~ P :’cpa~ a t i o n , Vo l .  :~: — L~.., July 1 9 7 7 , pp . ~P~ —~ 9C .

Ab s t r act  — Tb~ res :~nar~o :r e .:u~-: . ‘;  I s  ‘ air - ’.- Ir, as.aly ~ca1f o r m  fo r  a p l a n ar , cI rc ular -~Isc an t e n n a  wh i c ~. ‘ s et -h . -d - : : .  a

~d — : i r c uj t  board s t h a t  ‘he  l o w —  :~ :e aaoer n~ i~ sc~-ara - 

ne ~~o-.:nd s lane on l y  by a ~h l n  ~y t  o~’ i le  - - r l c  r.~~ e r l a
The f - r m u . . u  !s :‘~ urs.: t o b _ y e  an er :  -of’ less tnar. 2 . 5  ~€ - r c en t
when c ompa r e l - - .- ! t h  exper mero ta l  d a t a .

Marcus -. ~n t s d u L mj t t e - ~

Mark D. Wal ton , -Ituart A. : ; , and L. ~~~ . Shes. , “A:.  Ex~ c-rIm ~ nt
~ ea ~ ‘~e~-~ of he ~~~~ ~t Ion  ar- c ~~~ ~— a c” Ir c  ~~~‘

Disc Ant enna ” .

Abs tract — A rau a°Ing struc’. are co.-.. :.- c:’ a elro-2ar
dIsc over  a gr~ o.:.d p ]ar.e cepa ra’  ci by  as. C i - ~~r~~ :-~ -~a1 :; 00 ~5: 

~~~~~~~~~~~~

of d I e l e ct r I c  has bee s.  c on s t r u c t e d . l’ s ra-i at Ia: - . - . t t’!rns :;a’.”
been measured and oorp ore-u - -:~~ oh pre’;Ious v derIved ‘heort~ I c al
fa r f I e l d s .  In a d d l t l o r ,  an ‘~x p e r f  m e n t a l  ..— f a co o r  ~ fa .: from
a measurement of the input fni-edas.ce and also c ompare~ wIt s. t:.~ :ry .

Stuart A. Long , Liang C. -Then , and :~ierre B . :-Iore:, “The Theory
of the Circular Disc , PrInted — Ir cu ft Ant enna” .

A b s t r a c t  — A p lanar , c o n d u c t I n g  st r u c t u r e  as. e1ectrl ca~~ ysmal l  d i s t an c e  above a ~raonu plane can be constr~ cte - to radIate
in the d i r ec t i on  r.orrzal to  i t s  p lane  w:.ile s tI l l  r et a lr . I n g : ts
low p r o f i l e  c h a r a c t e r i s t i cs .  A clrcuThr dl .:c structure Is
sed t h e o r e t I c a l l y  to p r o v I d e  ala In the design of’ such an te~ c a s .
The currents , f i e l ds , total r o : i a te d  power , ciIr~ ct-Ive ~a In , los ses ,
-~— factor and efficiency are all ca~~~.a ~ ed at severa fre~juer .cIe~for various values of t h e  th i c~ n ess , c le l e ct r l c  con s t a n t . and ss
tangent  of the  m a t e rI a l  t ha t  separates the antenna f~ :r. the ground
p lane .
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P l - ’o :-~- B. ~o:- - -I , ~t uaro A. tang , and LIar.p . ~n -u , “A
T h e o ret i c a l  tn ’.’ ’-o ’ lg e  Ia : .  c f ’ n . - c 1 : ’  uiar 2 f ~~c~ Ar c er.na ,

a V IEE.~ ‘onferer :ot Llgc~st , A p:’’.l ‘
~7u . pp . s- _ ,:c-~,~

A bs ’  r a - ~
A 0 1:: .lar , conducting . I o c  a n t - ; -:- a grc.~~:. i p lane  ~~n- -c:-e ’ i cd Iy t o  p r o v  a~~~- s I~n. p : - o c A i -u r e  :‘9r t ra ct I ant ’ nnas .

The far  f ’Ielis , t c a l r a i ~ a t . •u  p owe r , and p -yes loSses a~-- .~ f t  on- :
u s f n g  the f I e o and - t~~ ~I ’bl , the a’iYy fcr’rc-d by ~ al s o
and th e  gr : .us .o  p l an ’— . A n:  r~ x ~s.Ote :- - -: .lts -ire a l s O  :co u r. : far  tn ’-
case w I o h  t h e  c a” Y ~:.- :‘ - a w l : n  a oj elec’  s I c  sac e:-Ia

lar k  P. ~-.al’ or., ‘-ar o~ r. R. Ali .-rcIl:ac, Llan~ C. 3her., a: . :
Stuar A. ~c ng, “An ax p erlment a~. ~av ’:s t .  105.  -

~~~~ tr ;~ C _ r m . a r
PIsc , ~O~ n t t ’u l r o u l t  Ar .’ er.na , ” 1976 RegI on ThEE C on f e r e n c e
Digest , Ap r I l  1976 , p p .  2 9 O — 2 j ~~.

Abstract

Several circular dIsc , printed circu ’.’ ante:.nas s.a-;e beer.
f a b r I c a t e d  and ~s .ve :oi~~ated e x s e r l m € - n t a l l y  w l o r r eg a r d  t o
d r iv I ng po Int lm: . - :d u n : e u - :r.d ~~.cI r’ far  ~ I i  r a d I a t I o n  pa t tern : : .
A model of such  as. ar.tenn-~ Is also :on:t:- ;-c ’~ to- prc’;lie a icl —
t l o n~~l I n f o r m a t l o r .  c on c er n I r ~- th e  i e s e r , d en c r : of t h e ls .pe~ an ce  on
the  p o s i t I o n  of the  feed ;olr .t.

Stuar t  A. Long and Liang C. Shen , “Ar . Exre~-Im~u .tal Theo-
r e t I c a l  Thvestlgatlon of ’ t h e  C i r cu l a r  P i s a , PrI n:ed CircuIt Ar .—
ter.aa,” U. S. Army Wor~ shop on Electri .Small Antenna s PIgest ,
May 9~~~6 , pp. b9—73,

Abstract

A circular cos.dactIn~ disc over a grcuoc ~~ane l.~ I n v e s t ig a t e d
as a low—profile ar .tenna . The i nput  Im p e d a n c e  and r a d I a t I o n  pat-
t ern are measured as a f u n c t i o n  of f r e c u e n cy  a sco th~ thlcks.r-c s of
the  antenna . An app roximate theoretical solutIon Is alio o-- : ived.

S t u a r t  A.  Lan g and t I a r , g  C.  Shen , “Ts. e -Cir cular 2Isc , PrIn —

ed CircuIt Antenna ,” IEEE hP—S Internation Symposium , Stanford
UnI v . ,  June 1977.

Abstract

PrInted -:~ rcu!t antennas consistIng of’ a planar radlitir:g
st r u c t  ~r-c ove r a gro.nd p lane  sc-p ar -a l ed by an electrically chin
layer of d l e e c o ; -~ o ha ve been appl ied  to a varIety of sy s t e n s.
A p a r t I cu l ar  cor.figur~otion , t h e  c I r cu l a r  dI s c  r a d I a t o r , sh own in
Fig-art 1 was c h o s e n  t o  be analy sed theore ’; I call:: w I t h  it s  r a d I a -
t ion  p r o p e r t I e s  and r e :ar ,ar tt  fre~ ~es.cy ca icuil at-c d for comin~ nt
mode operatIon.
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Appendix I

The Theory of the C i r c u l a r  D c c , P r i r t t : C i r c u i t  Antenna

Stuart A. Long , Ph.D.; Liang C. Shen , Ph.D.; Pierre B. Morel , M.S.

ABSTRACT

A planar , conducting stru cL ure an e l e c t r i c a l l y small distance aro v r a

ground plane can be constructed to rad ate in the direct ion norma l to i t b

pla n e whi l e  s t i l l  retaining its low profile character i stics. A c ircular disc

Structure iS analysed theoretically to prov ide aid in the des i gn of such

antennas. The currents , f i e l d s , tota l rad i ated powe r , directive gain , losses ,

Q-factor and efficiency are a l l  calculated at seve ral frequencies for var it u s

values of the thickness , diel e c t r i c  constant , and loss tangent of the material

that separates the antenna f rom the ground pla ne.

Drs. Lonq irnd Shen are with the Department of Electr i c a l  En q i neer ing , Univer-
sity of Houston , Houston , Texas 77OO~4. Mr. Morel was formerl y with the
University of Houston and is now serving in the French m i l i t a r y .
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a radius of the c i r cu la r  d i s c

d separat ion of d i sc  t rom groun d p lane

sk in depth of conductor

tota l e l e c t r i c  rad ia t ion  f i e l d

elec tric field at the aperture of the cavity

E0 
magnitude of electric fie l d  inside the cavity

E
~ 

a xial electric field ins i de the cavity

electric radiation field in u-direction

electric radiation field in ~-di rec t io n

GD 
directive gain

H tota l magnetic radiation field

H r rad al magnetic field inside the cavity

circumfe ra ~nt i a I  magnetic fi e l d  inside the cavity

first numericall y calculated integral

second numerically calculated integral

J Bessel function of order n
n

J i derivative of the Bessel function with respect to its argument

k wave number of the dielectric

k0 wave numbe r of free space

K radial surface current on disc

K~ circumferential surface current on disc

equiva l en t magnetic surface current

n mode number

unit vector norma l to the aperture

~D 
losses due to the imperfect c~i e l e c t r i c

P1 losses due to the imperfec t conductors
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P total radiated power
rad

Q total Q- factor

Q due to dielectric losses

Q1 
Q due to conductor losses

~rad 
Q due to radiation

r cy lindrica l radial coordinate

R spherica l radial coordinate

R5 
surface resistivity of conductor

WT total stored electromag netic energy in the cavity

6 loss tangent of dielect ric (tan 6)

c perm ittivity of the dielectric

E permittivity of free space

rea l part of dielectric pe rm ittivity

c’ imag inary part of dielectric permittivity

ri efficiency

0 spherica l polar ang le coordinate

p permeability of the dielectric

permeability of free space

a conductivity of the conductor

cylindrica l and spherica l azimutha l ang le coord i nate

angular frequency
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1 .  In t roduct ion  -

Printed circuit antennas consis tin g of a planar radiating structu r e over

a ground plane separated by an e lectricall y thin layer of dielectric have

been recently applied to a variety of systems. Thes - antennas are l ow-

profile , extreme l y rugged , and normall y qu i te i nexpensive to fabricate when

standard printed circuit techniques , such as photo-etching , are used . They

are capable of radiating quite t~ffi ci ent l y in the direction norma l to their

p lane withou t protrud i ng any great distance. The major disadvantages are

their narrow ba nd characterist ics and the associated difficulties in desi gn

resulting from this sensitive nature of the performance characteristics as a

function of frequency.

One particular printed circu it antenna , the circular disc radiator ,

shown in fi gure 1 was chosen to be analysed theoreticall y with the ultimate

goa l being to provide a desi gn p rocedure for practica l antennas etched on

printed circuit boards. Theoretica l formulas are obta i ned for the associated

currents , f a r  f i e l ds , radiated power , directive gain , ohmic and dielectric

loss es , efficiency, and Q-factor. These parameters completely characterise

the circular disc , printed circuit antenna.

2. Currents and Fields

The fields inside the reg ion between a circular conducting disc and a

ground p lane have previously been found using an ana l ysis of the resonance

conditions of such a structure .. ’ To retain the desirable low-profile

characteristics the thickness of the antenna , which is the separation distance

d of the disc frc’n the ground plane , must remain electricall y small. For this

reason , field confi gurations between the plates having onl y circumferential

and rad ai variations but no variation in the z-direction have been investi-

A-4 
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gated . The follow i ng Helds arc fo .- H

E = E0J (kr)cos n-; (Ia)

Hr 
= ~~~ E J ( kr)sin n~ ( I b )

E J’ (kr)cos n~ (Ic)

where n is an integer , k = u/~~, J is the Bessel function of order n , and

J ’ is the derivative of the Bessel function with respect to its argument.

The dielectric material is characterised by a permittivity c and a pe rmeabili-

ty p and a time dependence of e
jWt is assumed .

The surface curents on the disc can then be found with K~ = -H and

K = H ,~. The radial component of this current must vanish , however , at the
r ~,

edge of the disc which requires that:

K (r=a) = H (r=,i) = 0; j’(ka ) = 0 (2)

Th us fo r each modal  con f i guration a particular rad ius can be found for reson-

ance corresponding to zeros of the derivative of the Bessel function . The

n=l mode has the l owest resonant frequency which corresponds to a minimum

radius of ka = i.8’-~. This particular mode is usuall y excited in practica l

circular disc antennas. All formulas presented hereafter are for th is domin-

ant n=l mode. Thus, the frequency, dielectric constant , and radius of the

antenna are always chosen in such a combination that ka = 1 .814. The previously

found surface currents on the disc can be calculated for this n 1  mode and

are show n in f i gure 2 .

If one neglects the thin layer of dielectric outside the cavity formed

by the disc and the ground plane , the radiation fields can be calculated .

h
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The fields present at  the aperture ~ .-~een the disc arid the ground plane , F ,

can be represented by .in equ i- ialcnt nagnet i~ surface current = n x E where

r~ is the outward pointing norma l to the aperture in the ~ direction. The

integrat ion of the equivalent siiag ne t ic surface current can be carried out

analyticall y for the radiation fields.

-jk R
-jE0 e 

~ J 1
(ka)s in(k

0d cos 0)a cos ~ - Jj (k0
a sin 0)

= (3a)
R cos 0

-jk R
jE e ~ J 1

(ka)sin(k d cos 0)sin J 1 (ka sin 0) (3 b )
k R s i n O
0

Details of the der i vation are g iven e1sewhere~
2 These fields are shown in

the two princ i pal p lanes for several values of dielectric constant in fi gures

3 and Li .

3. Total Radiated Power and Directive Gain

The total radiated powe r for the dominant mode can be found using Poynti ri g ’s

theorem and the previousl y calcu lated far fields. Only power radiated throug h

the upper half sphere wi l l  be considered due to the presence of the ground

plane.

~rad 
= 

~~~ Re if (
~ x ~~

) ds} (Lia)

~rad 
= ~~~~~~~~~~~~~ d2E

2
J~ (k~ )[(k a)

2
I

1 
+ 1 2] (4b)
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wh ere

-U

I I = 

J 
J

2
(k0a sin j )sin 0 d~ 

( L 4 c )

2
1 2 

— ~ J~ (ka sin 9)dO (14d)

0

The two expressions for I I and 1 2 
cannot be integrated anal yticall y, but can

be evaluated numerical l y.

The directive gain , defined as the ratio of the power density in the

direction of maximum radiation to the average radiated power density, can be

found from the previously found fields and the total radiated power.

G — 
~~~ 

Re (E
0
H~ - E~ H~ )~~ = (5a )

D 
- 

P
d
/27rR2

- 
~~~~~~~ d

2
E
2
(k a)2J~~(ka) 

- 

k2a2

P 
— 

2 2  (5b
rad k a I +1

0 1 2

As long as ka remains equal to 1.84 and the antenna remains electric sll y thi n

the theoretica l directive gain is not dependent on the exact va l ue of the

thickness. As seen in the patterns of fi gures 3 and 4 one would expect a

l ower va l ue of gain for incre asing d ielectric constants . Its functiona l

dependence is seen in fi gure 5 to vary from a 13 xi m ur l value of 4.84 for an

air dielectric down to a value of approximatel y 1.7 for large dielectric

constants. It should be noted that each change in di e lectr i c constant

requires a corresponding variation in the p h y s i c i l  S i 7 e  of the disc so that

--- — -- - -- -~~~~~- - ~~~~~~- ----- --- -— - —- - - ——- “~~~~- - ——----- — -- - -
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ka r en a i n - 1. 84.

~~ losses Due to Finite Conducti vity and the Iii p er L-ct Dielectr ic

To obta in an approximation t o  the power losses due t o the finite conduc-

tivity of the disc , the currents found for the ideal conductors are ut ili sed .

For a conductor with surface resi stance R the losses in the disc and ground

plane are:

R ~ 
a ~2~r

= 2 ~~~~~ (K~ + K2)rdçdr (6a)

r 0  ~ç~~O

The integra l can be carried Out ana l ytically to y ield the expression for

the power loss.

irfp 1/2 E 2 ~

~L 
= 

~ 
0

) ~T-_~~_2- {-~-J ~ (ka)[(ka)
2 

- l ii (6b)

It is noted tha t these losses are i ndependent of the thickness and that since

ka = 1.84 they are also independe nt of the d ielectric constant but are propor-

-3/2 -1/2
tior i al to f and a

For the case of an imperfect d ielectric there exists the possibility of

additiona l losses within the dielect ric. These losses can be -found by inte-

g r ating the previousl y found fields over the volume of the ca vity.

p = E ~ dv (7a)

vol

The dielectric material is character ised by c = c ’ - jL ” or by the loss

tangent , tan -f = c/c ’ . Again , the integration is carr ied out ana l ytically.
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~ d ~
) 

J2(k. ~~ka)
2

-I J
-~ ~

__L__ - (7b)

For our i mposed condition of ka = 1.84 furthe r simp l i I L I t  ion i s  p o s s i b l e -

2d E tan ~
= 1. 61 0 x 10 (7c)

It should be noted tha t the d i e 1ectr ~ c losses are 
not depe ndent on the actLd l

va l ue of the dielect ric constant, but rather onl y on the r i t i O  € 1 .~, und tha t

they ace directl y proportional to the thickness.

5. Efficiency

Allowing the poss ibility of power being lost in both the lossy dielectric

and the imperfectl y conducting walls the efficiency can be calculated .

P
rad
+ p  + p  

(8)
rad L D

This efficiency w i l l  depend on the thickness of the antenna , the frequency

of operation , the perm i ttivity and loss tangent of the dielectric materia l ,

and the conductivity of the r adiati ng element. Any number of curves may be

d rawn to show these variations. Two ,uch families of curves are shown in

fi gures 6 and 7. In each case three of the five parameters are held constant.

The va l ues of d = .~~52 cm . r = 2.55 , and tan 6 = 2 x l0~~ correspond to

typ ical values for microwave printed circuit board . The value of a was not

taken to be the theoretica l va l ue 5.8 x IO~ mho/m for  bulk copper. Experience

has shown that the effective va l ue of the conductivity w i l l  be reduced due

to sur face roug hness at the dLfl e c t r i c  in te r face .  A va lue of o = 1.0 x IO~

niho/m was chosen to be representative of this re duction. The efficiency is

A-9
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seen to increase for hi gher f r cq~.en’ i -- s , greater thicknesses , and , of course ,

sm a ll er loss tangents. It should be noted again tha t CU~~V e s for dif ~ ercnt

frequencies must represent different physical devices since i-~a is requir ed to

equa l 1.814 .

6. Quality Factor Q of the Cavity

The stored energy in the “cavity ” between the radiating disc ari d ‘He

ground plane can be calculated and then compared with various energy lo’~ses

to compute the values of several different Q-factors. The total stored electro-

magnetic energy , W
1
, is independent of time . Therefore , it may be calculated

from either the maximum electric fields or the maximum magnetic fields.

Either can be evaluated analyticall y to g ive the follow i ng result:

E
2 d

= 2 [(ka ) 2 - I ]  J~ (ka) (9)
4 w  p

Q factors may then be defined and calculated as follows with a remarkable

simplification of the results.

_____ 

wW
1

= = 
tan 6 ~rad 

(ID)
D rad

d -1/2
d =  (~if po) ( I I )

L s

A total C) can also be found which inc l udes all the losses.

1 1 +~~~ +~~~ 
(12)

~-_ + +~ ç _  D L rad
‘
~D 

‘
~L “~rad
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Va lues  of Q are shown ,r~ pii ica ly ~ ~~~~~~ 6 and 7 along with the efficien-

C I C S .

In f i gure 6 t h e  to ta l  Q is  dont i ia tc ~I t~ y the conductor los -e s for the

s i ~i l ler va~ ue- , of the thickness and by the radiation losses for the larger

va lues. Th is  resu l t s  in a max i -uiii value for Q in the middle ran~je of thick-

nesses. The exact pos ition of these n axi ’- -i is dependent on the fre :~ - -~~ y.

It should be noted that for all cases in fi gure 6, Q0 
remains constant at a

v~ 1ue of 500 and does not affect the value of Q to any extent. If the dielec-

tric losses are allowed to increase , a sharp decrease in the v lue of Q is

seen in fi gure 7. For the smaller values of the loss tangen t 
~rad 

and

again dom i nate resulting in a constant va l ue of Q for each frequency.
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COMMUNICATIONS 
A~~ 1-’ ‘- ‘DIX

IN I RODCCl lO~

Pl anar. ci rc i lar disc ante nna WhO.h are t - i c hed or pnnted-
cir cuit ho ards ag e being used in a v~ rse t y i s y s t e ms as :~~~
pio f i le ant ennas Theoret ic al  ?o rn i  i las l I ase  I~~- e T I  t i  ii ned
p1 ~~~~~~~~ t , i  the c u rrent distribut ion on the a n t e n n a  -

far- helds , radia t ed power . d i re c t ive gain , an d othe r
istics I I I The ,e ruth-or lcr rt-sund fl t t r eq u eih ) of the ant en na
is given by (21

I ?~4 l
____ — ( I )
2ira~/~~

where a is ilie radius of the dm. as shown in Fig 1 . and M and
~
- are the permeability and permltt ivity 01 the d:eIe~ tr ic sub-
st ra’e of the printed -c ir c u it hoard. 1-xpenments have shown
that the resonant frequency given by ~I) is al~~ay~ higher than
the measured data. The deviation of the ieroth-order resonant
frequency from the measured data depends on t he diele ui.
constant c and t he separation d. as define d in Fig I This
error ranges from 4 percent for small d and high to 17 percent
for larger d an I lower e. It is noted that larger separations and
lower permitt ivities may result in higher radiated powers Ill
and thus for practical radiators one may find large ditter e nces
between the actual resonant frequenc ;es and the ieroth-order
theory -

Several methods have been reported in the literature to
calculate the resonant frequency more acc urately for the
circular disc anfr nna. A numencal method was used b~ Itoh
and Mittra (3 1. An equivalent radius . equ iva lent s dielectric
constant concept was developed by Wolff and Knoppik (4 J -

but an analytic-at formula for the equwalent theitcinc constant
was not given More recently the resonant frequency isas
obta ined by Borkar and Yang ( 5 1 by solving a dual integral
equation . Numerical integration was then used to carry out
certa in integrals -

In this paper an analytical formula is denved for the
resonant frequency. The formula is simply expressed in
algebraic form involving no numerical integration and y;elds
a result very close to the measured data.

CAPACITANCE AND INDUCTANCE

The zeroth-order capacitance of the circular disk over a
Resonant Frequency of a Circular Disc, Printed.Circuit ground plane is
Antenna -

~~ 2~
- (2~l

L. C. SHEN , S. A. LONG , M . R. ALLERD ING , AND M . D. WALTON d

Since the zeroth-order resonant frequency is given by (1) and
Abstract—The resonant frequency’is obtained in analytical form for

a p lanar, circular disc antenna which is etched on a pnnted.circuit I
board so that the low--profile antenna is separated f rom the grouno f = i—-  - (3)
plane only by a thin layer of dielect ric material . The formula is found 2 1T-v L (

to have an error of less than 2.5 percent when compared with exper i- - -

mental data . the zeToth—o rder inductance is given by

(0) i~Ld
Manuscript received November 22 , 1976; revised December 22 , L = —j (4)

1976. This work was supported by the U~S Army Research Office
under Grants DNHCO4-75--G-4J187 and DAAG-29-75M187.

The guthors are with the Department of Electrical Engineering, Uni- where Z0 1.841 corresponds to t he first zero of J~ ( z ) ,  the
versity of Houston , Houston , TX 77004 . denvative of the Bessel function of order I -

Copyright © 1977 by The Insti tute of Electrical and Electron ics Engineers . Inc.
Printed In U.S.A. Annals No. 7074P032
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a ( m m )  Fig. 2 Zeroth- and first-order resonant frequencies compared with
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Fig. 1- Circular disc antenna and its resonant frequency as function
of radius,

The first-order resonant frequency [(1) is then given by

As shown in previous work ( 3 1— [ 5 1 ,  accuracy of the f ( S )
formula for the resonant frequency may be improved with a ~~~~~~~~~~~~~~~~~ 

(‘))

better approx imation for the capacitance.
A simple algebraic formula for the first-order capacitance is where ~ is given by (8).

available [4 1 when the dielectric substrate is replaced by air:
COMPARISON OF THEORY AND EXPERIMENT

= C(°~( l  + ~) (5a) The accuracy of the formula (9) is demonstrated in Figs. I
and 2. In Fig. I, t he theoretical and experimental data reported

where in [ 5 ]  are compared with the present theory with very good
agreement resulting. In Fig. 2, experimental data obtained by

2d r ‘lTQ \ ] Atlerding ~61 and Walton [7] are compared with the prtsent
= — I in ( — I + 1.7726 for € = €0 - (Sb) theory. The experimental resonant frequencies were obtained

ira L \2~lJ 
- by measuring the input impedances of circular disc antennas

as the operating frequency was varied. All antennas were
For e different than e0, the capacitance is expressed by [ 5 1  driven at the edge, as shown in Fig. I. An antenna was con-

1ra 2 E 
sidered to be at resonance when its input reactance was zero

C = — (1 — c0 + C0 ’ — 
~0 ” + ~ 

(6) (or equivalently the input resistance was a maximum).
d It is seen in Fig. 2 that while the zeroth-order formula gives

an error of approximately 3 to 17 percent . the present theory
w here predicts the resonant frequency with less than a 2 5 percent

error .

= 2f [
(e/eo) tanh (pd/ a ) 

— 
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Appendix I I I

- 
- An Experi m ent al t1easur~~iien t of the Radiation

Fields and the Q-Factor of a Circular Disc Antenna

Mark D. Wa l ton , Stuart A. Long , and L. C. Shen

Abs tract

A rad ia t ing structure consist ing of a circular disc over a ground plane

separated by an elect rically thin layer of dielectric has been constructed .

Its  radiat ion patterns have been measured and compared with previous l y derived

theoretica l far fields. In addition an experimental Q-factor was found from

a measurement of the input impedance and a lso compared w i t h  theory.

This work was supported in part by the U. S. Army Research Office under grants
DNHCO4-75-G— 0l87 and DAAG-29—75-0187.

The authors are with the Department of Elect rical Eng i neering, University of
Houston , Houston , Texas 77OO~4.
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I . I ntr - ‘ uct ion

Printed circuit antennas cons i sting of a p lanar radiating structure over

a ground plane have been used in a variety of systenis[I ,2J . One particular

printed circuit antenna , the circular disc , shown in fi gure I is i nvest i gated

experimentally. The far field radiation patterns and Q-factor were both

measured and compared w i t h  e x i s t i n g  theory.

2. Theoret ica l Resul ts

The fields inside the reg ion between a circular conducting disc and a

ground plane have previousl y been found using an ana l ysis of the resonance

conditions of such a structure[3J . To retain the desirab le low-profile

characteristics the thickness of the antenna , which is the separation distance

d of the d isc  from the ground plane , must remain e l e c t r i c a l l y sma l l .  For th is

reason , field confi gurations between the plates having onl y circumferential

and radial variations but no variation in the z-directio n have been investi-

gated . Under these rest rictions the field inside the cavity can be calculated .

E
~ 

EJ(kr)cos n~ (la)

—JctC nH = 
2 

E J (kr)s in n4~ 
( l b )

k r  o n

k 
EJ ’(kr)cos n~ ( I c )

where n is an integer , k = wv~ii~~, J is the Bessel function of order n , and

J ’ is the derivative of the Bessel function with repsect to its argument.

The dielectric material is characterized by a permittivity ~ and a permeability

p and a time dependence of ejWt is assumed .

The surface currents on the disc can be found and the radial component

required to vanish at the edge of the disc.

C—2 
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= HH
r=a 

= 0; J (ka ) =

Thus for each n odal confi guration a particular radius cart be found for reson-

once corresponding to zeros of the der vative of the Bessel function . The

n=l mode has the l owest resonant frequency which correspond s to a minimum

radius of ka = l.8L4. This particular mode is usuall y excited in practical

circular disc antennas. AH formulas presented herea fter are for this

dom i nant n=I mode , and thus the radius is adjusted so tha t ka rema ins equal

to 1.814. 7

Using these zeroth order fields inside the cavity, the radiation fields ,

tota l radiated power 
~~rad~ ’ directive gain (G

D), 
losses due to the finite

conductivity , o,of the radiator 
~~~~ 

losses due to the imperfec t dielect ric

the total stored electromagnetic energy in the cavity (WT), 
the quality

factors due to radiation losses , conductor losses and dielect ric losses

the total quality factor (Q), and the efficiency (q) can all be

calculated. These formulas have been previousl y derived [14] and are listed

here for refer ence.

= 

_jE
0
e J ko

r 
J 1~~~~~~~~’(0’~ 

COS O)a cos Jj (k a sin 0) (2a)

r cos 0

jE e jkor j (ka)sin(k d cos 0)sin ~ J (k a sin 0)
E = ° 1 1 (2b)

k0r sin 0

~rad 
~~~~~~~ 

d2E2 J~~(ka)[(k0a)
2I 1 

+ 1 2
] (3 a ) -

I
i 

J~
2(k a sin O)sin 0 dO (3b)
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1 2 = J ~~~~~~~ 

~ J~~(k s i n  ‘-~)dO 
(3c )

= ~~~~~

--
~~ 

d2E~ (k a)2 J~ (ka)

r ad

iifp 1/2 E2 c
= ( 0

) _2. ...2. {-
~~ J~~(ka)[(ka)

2 
- 1]) (5)

k p
0 0

d E 2 tan 6
= 1.610 x 1O~~ 

tan 6 = ~.“/c ’ (6)

2E d i r
W T = 

2 
[(ka)2 - l]J~~(ka ) 

(7)
14 w p

= t a r
’
i 6 

tan 6 = t. Ic ’ ( 3a)

(k~W
= ~ -_1- = 

~~
— ; d = (p fp o) 1”2 (8b)

wW

~rad 
(8c)

rad

~~~~~~~ 
T

‘
~~ P P + P

D +  L rad

1’rad
fl p + p  + p

rad L D
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With the one exception of the tota l r ~- iated power a l l  of tia: above for~uulas

were obtained a n alyt i c al i y and can be ~-va1uated directl y. Ths-’ i n i~-;r al s in

equations (3b) and (3c) must , however , be eva l uated numericall y.

3. Experimental Measurements of Radiation Field

The fa r  field radiation patterns were measured for a circular disc

antenna etched on microwave printed circuit board . The diameter of the disc

was 3.76 cm and the printed circuit board was 0.16 cm thick wit h a teflon-

fiberg lass dielectric (~: = 2.147). Both pola rizations E
0 

and E(. of the electric

field were measured at the resonance frequenc y of 2.815 GHz. The antenna was

fed at the edge of the disc at q = 0 by a coaxial cable from behind the ground

plane. Several patterns were taken for each polarization as a function of 0

for various va l ues of q . Severa l of these are shown in fi gures 2 and 3 along

with the theoretica l fields from equation (2). Quite reasonable agreement is

seen with the single exception of E
0 

in the plane of the antenna (9 =

This deviation between theory and experiment is due to the finite size ground

plane used in the experimental model. Similar agreement was found for various - -

other thicknesses and diameters[5 J .

4. Measurement of the Input I mpedance and Q-Factor

The input impedance of several circular disc , printed circuit antennas

was measured as a function of frequency using a network ana l yzer. Each

antenna was edge fed and desi gned to radiate in the n= l mode (ka = 1.814).

Identica l size discs were etched on three different thicknesses of printed

circuit board and three different size discs were constructed on the same

thickness board . A least-square fit model in the form of a parallel R-L-C

circuit was then found from the experimental impedance points near resonance

(see appendix) . T h i s  model in turn allowed the experimenta l Q-factor to be

C-5 
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calcu lated and then p lotteu as a func ’ ‘on of iht th i c~-.is .- ’~s d in fi gure ~~ In

add i t ion the t i co t  e t cal curves for 0 ft u e~~ua ion I fl ar c- ~i Iso ‘, u wt

each of the re’,onaitt frequencies of the discs. One set uf curves is shown

w h ic h  corresponds to the exact parameters of th c- antenna , r = 2.14/, tan 6

2 x ID ~~, an d 1 = 5.8 x 10/ mho/in. A sit n i l ar set of curves is also shown

with all parameters remaining the sante except for the conductivity reduced to

= 1 .0 x 10 / mho/m . Some reduct ion in the effective conduc t iv i ty Snu j ld be

expected due to the sli ght irregularities in the surface be tween the -L per

disc ar-’d t i e  d electric. With this change in conductiv ity the va l ues of

experimental Q’ s are seen to correlate very we] I with the fami ly of t a ,  ct

curves -

5. Efficiency

Using an effective conductivity of a = 1.0 x lO 7 nnho/n the e f fich- -c - ~ of

the antennas can be calculated from equat ion (10) . These va lue- ~ are shown in

figure 5 for several differen t frequencies as a function of the thickness of

the antenna. No direct expe rimental measurements have been made for the

efficiency but the previous comparisons of a-factors ind i cate that these

similarly calculated efficiencies should also be accurate.

Appendix

Least -Square Fi t  Model for Ca lcu la t i on  of Q-iactor

For frequencies nea r resonance the impedance of a c ircular disc , printed

circuit antenna behaves much like an R-L—C parallel resonant circuit. The

input admittance of the circuit is g iven by

Y = G + j (wC - )

For a g iven set of experimental data (V = G~ + j B )  taken at a frequency

C - 6
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the quantit y S is to be minimized .

= 
N n i ’ 

Y(w )-

S - I Q’ t~

The three element values can then be found from setti n g ’~ S/~’C = - S I ’ L  = 0.

The resulting equations can be shown to be:

N

~ G
N 

— 
n

n— I

N 2 N
C ~ - — — 

~. Bc. = 0
n L n n

n l  n= I

N N B
~L 2n l  w r t I  n

n

Solving the last two equations for C gives:

‘
~ B N I N
~ -.-~.- - -1--( z ~~~~ f B  )f N f n n

— 
n= l n n= l n n=l

5- —

2ir [N - 
~~

-( ~ ~
; f 2)J

n=1 f n=ln

Then using the calculated va l ues of G and C from the resonant Circuit model

and the experimenta l resonant frequency the Q-factor may be calculated .

2ir f C
Q =  0

G

Results of this least-square-fit model are shown in fi gure Al. The

real and imag inary parts of the impedance are shown for the parallel resonant

circuit along with the experimenta l data. Good agreement is seen for all

parts with the possible exception of a sli g ht shift in the ima g inary part ,

but this shift does not affect the calculation of the Q-fac tor.
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